
In/. J. S.,I,dJ Sm..·/",es Vol. =9. :-'0. 5. pp. 611-639. 19"=
Pnnted ,n G",al Bnlam.

OO=ll-16l1J 9= $5.00 ...00
,: 19'11 Perpmon Press pic

REFINED BUCKLING AND POSTBUCKLING
ANALYSIS OF TWO-DIMENSIONAL

DELAMINATIONS-II.
RESULTS FOR ANISOTROPIC LAMINATES

AND CONCLUSIONt

K. C. JA~E

BMT International. Inc.• 10480 Little Papuxent Parkway. Columbia. MD 21044. U.S.A.

and

W.-L. YI~

School of Civil Engineering. Georgia Institute ofTechnology. Atlanta. GA 30332. U.S.A.

(ReceiL'ed 8 October 1990: in revisedform 14 June 1991)

Abstract-The analysis scheme developed in Part I of the paper is implemented to obtain the
bifurcation strains of circular delaminated layers and the postbuclding solutions of cross-ply and
angle-ply elliptical sublaminates. Reasonably accurate solutions for the membrane forces. the
bending and twisting moments and the pointwise energy release rates generally require 33 or more
undetermined coefficients. Such refined postbuckling solutions show a variety of features including
significant non-uniformity of the in-plane forces and certain boundary effects ch.tracterized by
concentration of the middle-surface curvatures and the bending moments. The solutions are found
to be strongly influenced by ply orientation. lay-up and the aspect ratio of the ellipse. Some
implications of the amllytical results on the buck ling .lOd postbuckling behavior of two-dimensional
dclaminlltion models arc summari7cd.

I. INTRODUCTION

In recent years extensive analytical ,Illd numerical studies have been made on sublaminate
buckling and crack growth associated with an interior delamination in a homogeneous or
laminated plate. For the simple, one-dimensional model of an across-the-width delamina
tion, exact bifurcation loads and closed-form postbuckling solutions have been obtained,
in the context ofgeometrically non-linear plate theory, for delaminated homogeneous plates
(Chai et al., 1981; Simitses et al., 1985; Yin et al., 1986; Kardomateas, 1989) and for
delaminated laminates with arbitrary ply configurations (Yin, 1986, 1988). The strain
energy release rate associated with delamination growth has been expressed explicitly in
terms of sublaminate membrane forces and hending moments at the delamination front,
and the results were found to be in agreement with the corresponding results based on non
linear finite-element analysis and the closure-integral method. Recent studies have taken
into account the effects of transverse shear deformation (Kardomateas and Schmueser,
1988; Chen, 1990), which may become important in a thick or strongly anisotropic
delaminated sublaminate.

The relative ease with which accurate postbuckling solutions of strip delamination
models may be obtained is attributable to the fact that, in the one-dimensional case, the
differential equations of von Karman's non-linear plate theory reduce to linear ordinary
differential equations. Hence the effect of geometrical non-linearity is present only in the
boundary conditions and the crack-tip continuity conditions for the axial displacement, but
not in the governing differential equations. Furthermore, in the one-dimensional case
the non-linear coupling between the in-plane deformation and the transverse deflection
degenerates to a particularly simple form, characterized by the presence of a constant axial
load in the deflection equation. Accurate postbuckling solutions ofgeneral two-dimensional
delamination models are considerably more difficult to obtain in view of the presence of

t A preliminary version of this paper was presented in AIAA/ASME/ASCE/AHS 30th SDM Conference.
Mobile. AL. April. 1989.
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non-linear and coupling terms in the governing equations. It may be expected that these
terms will significantly affect the postbuckling behavior of the sublaminate and the nature
of ensuing delamination growth.

A first step toward a better understanding of two-dimensional delamination problems
is achieved through a buckling and postbuckling analysis of an isotropic circular delamin
ated plate subjected to a radially symmetric in-plane compression. The analysis indicates
that. with proper normalization, the non-dimensional radial buckling load of the circular
model depends on the normalized delamination radius and thickness according to relations
extremely close to the corresponding relations for the normalized axial load of a strip
delamination model in terms of the normalized delamination length and thickness (Yin and
Fei, 1984). For both strip and circular models. a sharp transition from global buckling of
the laminate to local buckling of the thin delaminated layer takes place when the delamina
tion reaches a critical size. Furthermore. the postbuckling deformations of the circular and
strip delamination models show the same pattern of evolution. from the initiation of
buckling to final collapse. which is unique to each regime of delamination size (subcritical
or supercritical) and which is fundamentally different between the two regimes (Yin et al..
1986; Yin and Fei, 1988).

[n spite of these similarities. there are also significant and essential dillerenees in the
buckling and postbuckling behavior of strip and circular delamination models. Axisym
metric postbuckling solutions of the circular model show pronounced boundary effects,
non-uniform distribution of the in-plane forces. and generally catastrophic nature of
delamination growth. As shown by the analysis of Part r. these ellects are also manilest
in the postbuckling response of isotropil:. thin-film elliptical delamination models under
uniaxiall:ompression in the oase plate. It was also shown that an aCl:urate assessment of
these clfects cannot be achievcd by lower-order Rayleigh Ritz postbul:kling solutions that
have been presented in the existing literature. Solutions of at least the order (5.·n involving:
:n or more undetermined I:oellkients in the polynomial displacement expansions for an
anisotropic elliptil:al sublaminate. arc required to provide reasonahly acl:tlrah; rcsults Itlr
the membrane forl:es. bending and twisting moments. and the glohal and pointwise elH.:rgy
release rates.

Non-linearity and coupling in the von Karman equations, which produce the previously
mentioned elleds, arc strongly dependent on the anisotropic elastic moduli of the pli«.:s
constituting the sublaminate and on the orientation and lay-up of the plies. While the
analysis of isotropic sublaminatcs in Part I has provided St)ll1e g«.:neral leatures of the
buckling and post buckling behavior of two-dimensional delamination models. an under
standing of the combined effects of the various geometril:al and material parameters can
only be gained from a variety of solutions covering a broad range of parameter values. For
example, an exal:t postbuckling analysis of the one-dimensional strip delamination model
with a general laminatcd structure has indicated the signiJkance of the destabilizing clfect
of bending-extensional coupling (Yin. 19S6). Such efkcts arc not present in two-dimensional
symmetric sublaminates. including isotropic and orthotropic sublaminates.

In Part II of this paper, we present postbuckling solutions for anisotropic elliptical
laminates with various aspect ratios. using polynomial displacement expansions of the order
(5,4). Although our computer code may handle any uniform in-plane strain loading in the
base plate, in the present work we restrict the computation to the I:ase of uniaxial com
pression in the base plate along the minor axis of the ellipse. This loading case was l.:onsidered
in previous bUl.:kling analysis of circular, unidirectional composite laminates (Shivakumar
and Whitcomb, 1985) and postbuckling analysis of isotropic ,lnd specially orthotropic
elliptical sublaminates (Chai and Babcol:k, 1985). In the present work. we obtain the
solutions for cross-ply and 30' and 45 angle-ply elliptical sublaminates under postbuekling
strain loads as large as four or live times the bifurcation strain. The suhlaminates have
symmetric or antisymmetric four-layer lay-ups and the aspect ratio of the ellipse ranges

from 1,2 to 4.
Our results for the force and moment resultants and for the global and pointwise energy

release rates show complex patterns of behavior, depcnding strongly on the orientation and
the stacking sequcnl:c of thc plies in the sublaminate and. to a lesser degree. on the aspect
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ratio of the ellipse. These results have direct implications on the initiation and development
of delamination growth. The complexity and richness of the present results suggests the
need for caution in making predictions or conjuctures concerning the buckling and growth
behavior of two-dimensional models based either on analytical and experimental experi
ences with strip delaminations or on insufficiently refined approximate solutions of two
dimensional sublaminates.

2. BIFURCATION LOAD OF A CIRCULAR, UNIDIRECTIONAL SUBLAMINATE

A general and consistent scheme for polynomial representation of displacement func
tions associated with the buckling and postbuckling deformation of elliptical sublaminates
has been developed in Part I of this paper. In the following analysis. we adopt the notations
and definitions introduced in Section 2 of Part I.

We first investigate the bifurcation strain of a circular. unidirectional composite layer
disbonded from an infinite base laminate. when the latter is subjected to in-plane strains
- Eo and 0.3 Eo along the Y- and X-directions. respectively. The angle a between the
material axis of fiber orientation and the compression axis is allowed to vary. This problem
has been investigated by Shivakumar and Whitcomb (1985) using both finite-element
and Rayleigh-Ritz methods. Their Rayleigh-Ritz solutions were based on a three-term
polynomial expansion for the normalized transverse deflection w in terms of the dimen
sionless co-ordinates x and y:

(I)

where

The results were found to be in close agreement with the finite-clement results for small
orientation angles but not for large angles (Fig. I).

We notice that the deflection function expressed by the three-term expansion is sym
metric with respect to both X- and Y-axes. Since such symmetry conditions cannot be
assumed generally except for specially orthotropic sublaminates with aligned loading.
material ami geometrical axes. certain deflection modes are suppressed by the assumed
symmetry and this has the effect of raising the calculated bifurcation load. It is clear that.
at least in the initial postbuckling states. the actual deflection should have central symmetry
but not double symmetry with respect to both co-ordinate axes. Le. one should only have

w(-x. -y) = w(x.y). (2)
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Fig. I. Bifurcation strain of a circular unidirectional laminate versus the fiber orientation angle.
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This implies that. if in eqn (I) one chooses a polynomial fal.:tor R(x• .1') of degree two. then
the factor should include an additional term c~xr. The new deflcl.:tion function yields an
improved solution for the bifurcation strain (see the middle curve in Fig. I).

Further improvement in the bifurcation strain may be obtained by including in the
polynomial R(x, .1') all fourth degree terms that are consistent with the symmetry I.:ondition
of eqn (2). This yields a nine-term deflection function:

The resulting bifurcation strains are shown by the top curve in Fig. I. The results are nearly
indistinguishable from the finite-element solutions over the entire range of the orientation
angle ~. Thus, by including in the polynomial function P(x, y) all fourth and lower degree
terms that are consistent with the symmetry condition ofeqn (2), the Rayleigh-Ritzanalysis
yields bifurcation loads that are in excellent agreement with the finite-element solutions.

3. POSTBUCKLING SOLUTIONS OF CROSS·PL Y AND ANGLE·PL Y ELLIPTICAL
SUBlAMINATES

The number of undetermined coefficients required in the Rayleigh--Ritz solutions for
the postbuckling deformation is considerably larger. For a general anisotropic elliptical
delamination, the normalized postbuckling displacement functions satisfy the following
symmetry conditions:

I/(--X, -.1') = -I/(x,y), l'(-x, -.1') = -r(x.r). II'(-x,-y) = II'(X, 1'). (4)

HelKe l' and Q (ddined in eqn (5) of Part I) arc odd polynomials and R is an even
polynomial.

The convergelll:e study in Part I li.)r the Rayleigh Ritz solutions of homogeneous
iSOlropil.: suhlaminales suggests lhal. in order to ohtain reasonahly al.:l.:urale results ror the
rorl.:e and moment resultants and the energy release rales, the odd polynomials. I' and Q.
musl include at least terms of the fifth and lower degrees and the even polynomial, R. must
include at least terms or the Ii.Hlrth and lower degrees. In this approximation, the poly
nomials contain a total of 33 undetermined coellkients:

I'(x, y) = 1IIX+tl1Y+1I,X' +1I~X2Y+lIjxy2+tlIlY)

+ il7X j +lIs.\·~Y+ iI'IX 'y2 +1I IOX2y' +all xy~ +1I12yj.

Q(X,y) = hlx+h1y+h,x'+h~x\+h,xyc+h"y'

+h)x' +hsx~y+h",\')y2+hlox\' +hllxy~+h I2r'.

R(x, .1') = ('I + ('2X2 +(',xy+ ('~y2 + ('jX~ + c"X '.I' + ('7x2y2 + (,xXI' 1 + c"y·l. (5)

A further improvement in the solution may be obtained when all terms of the next order
consistent with the symmetry conditions of eqn (4) arc included in the expressions of Ii, I'

and II'. This will bring the total number of codlkients to 56.
Althoul.!h hidH:r-order solutions arc desirable for improved al.:l.:ural.:Y, the computer

storage and time ~reqllirements for evaluating the integrals L,/, Mil and N" in the potential
energy expression (see eqns (6) and (7) of Part I) become increasingly demanding. Besides,
since the thin-Iilm assumption itself (i.e. ignoring the effect of layer bUl.:kling on the defor
mation of the thick base plate) may introduce significant error in the results, as has been
demonstrated in the cases of strip and circular delamination models (Chai el al.• 1981 ; Yin
and Fei, 1988), there is little justification to obtain extremely elaborate postbuckling solu
tions based on the thin-film approximation. Consequently, the displacement expansions
including 33 undetermined coefficients (eqn (14» are used in the present analysis to obtain
postbuckling solutions of four-layer cross-ply, 30' angle·ply and 45' angle-ply elliptical
sublaminates with symmetric or anti-symmetric layup (denoted in the figures by S-cross.
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V-cross. 530; V30. 5~5 and V45, respectively). The individual layers are made ofT300/5108
graphite epoxy unidirectional composite whose longitudinal elastic modulus E I is 17.57
times the transverse elastic modulus E: and for which VI: = V2IEtlE: = 0.18. The aspect
ratio of the ellipse. a'b, assumes the values t. 1 and 4.

The results of a non-linear problem with strong coupling among the dependent vari
ables and involving many geometrical and material parameters cannot be reduced to simple
rules of thumb. In this section, an attempt is made to present the large and complex body
of postbuckling solutions for various elliptical sublaminates without oversimplification and
with a certain degree of consistency and comprehensiveness. As mentioned previously. we
restrict the analysis to the loading case when the base plate is subjected to uniform strains
0.3 En and - Err along the X- and Y-directions, respectively.

3.1. Central deflection
The central deflection of the delaminated layer in the buckled state is shown in Fig. 2

for the various symmetric and unsymmetric delaminations. Sublaminates with the anti
symmetric lay-up buckle at lower compressive strains compared to the corresponding
sublaminates with the symmetric lay-up. and the former show larger central deflections, at
least in the initial postbuckling states. These results attest to the destabilizing effect caused
by the bending-stretching coupling of antisymmetric sublaminates. Figure 2 indicates that.
for aspect ratios 2 and 4, the results for the central deflection show similar patterns, while
in the case (1/ h = I the deflections are generally smaller and the 30' angle-ply sublaminates
have the lowest bifurcation strains and the largest postbuckling deflections. This may be
explained by the constraining eflcct provided by the relatively short transverse in-plane axis
in the case (IIh = I. This constraining elTect is less signifkant for the 30' angle-ply sub
laminates bcc;tllse the lihers arc largely aligned along the Y-axis and, consequently, the
bending stiffness in the X-direction is smaller than in the case of cross-ply and 45" angle
ply sublaminates. Generally, the curves of Err versus the central dellection show nearly
parabolic variations.

8
alb == 1

,..;

~...

g...
---0-

~.e--
~

0

'"0

0
0
0

0.00 2.00 3.00 • .00 5.00

E yy(blt)2
6.00 700

(a)

Fig. Z. Deflection at (0,0).



616 K. C. JANE and W.-L. YIN

Alb = 2

8

co
'"
"

~....

'-
0-
0 ~

~

8

~
0

0
0
co

0.00 1.00 2.00 J.OO .00 ~.OO 6.00 7.00

Eyy(blt)'

(b)

alb = 4

8

0

'""

8

--0-
e 5'l

~

8

~
0

0co
0

000

(e)

Fig. 2-continued.



Analysis of 20 delaminations--II 617

3.:!. ,Uemhraneforces
The normal and shearing forces Nxr and N yy at the boundary point (X, Y) = (0, h)

are shown in Figs 3 and ~. Before buckling, the shearing force vanishes, the normal force
is proportional to the applied strain £ rr and the results for the sublaminates with symmetric
and unsymmetric lay-ups are identical. At the bifurcation strain, the relationship between
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Errand .V yy changes from linear to non-linear. In the cases examined. the larger the aspect
ratio a,b. the greater is the deviation from linear relationship in the postbuckling stage.
With the exception of the antisymmetric cross-ply circular sublaminate, the deviation of
N rr from linear dependence on the postbuckling load is generally on the negative side (i.e.
a softening behavior). The postbuckling shearing force N,n is non-zero only for unsym
metric 30' and 45' angle-ply sublaminates. and its values are small compared to the normal
force N ry at the same point.

It is interesting to compare the values of N n at the boundary point (O,h) and at the
central point (0.0). The results at (0.0), presented in Fig. 5. show much greater deviation
from linear dependence on the postbuckling strain load. That is. the decompression in the
Y-direction due to sublaminate buckling is greater at the center of the sublaminate and
smaller at the two ends of the Y-axis. This is particularly true for the unsymmetric cross
ply sublaminates with aspect ratios 2 and 4. where N nat (0.0) changes from compression
to tension at an advanced stage of postbuckling. Consequently. the normal force N n varies
significantly from the boundary point (0. b) to the central point (0.0). A comparison of the
results in Fig. 5 yields the rather unexpected observation that the non-uniformity of the: in
plane forces tends to be more prominent when the aspect ratio increases from I to 2 and
finally to 4. i.e. when the geometry of the elliptical delamination becomes mon: similar to
a strip delamination. Although we have not computed the results for elliptical dclaminations
with even larger aspect ratios. the present results indicate that. as regards the: membrane
forcc N n . thcrc is a significant difference betwecn the postbuckling responscs of one
dimensional delaminated laycrs and of clliptical sublaminates with aspect ratios as large as
four. In the first case the axial force is constant whereas in the second case N n is significantly
non-uniform. The nOll-uniformity of the in-plane forces affects the bending dd'ormation
directly. through the bending· stretching coupling of unsymmetrical sublaminates. and
indirectly through the strong coupling of in-plane and transverse displacements in the von
Karman equations.

Comparison of the transverse in-plane force N,x at the central point and the boundary
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point (0,0) (shown respectively in Figs 6 and 7) also indicates a significant non-uniformity
of that force in the postbuckling stage_ Due to the differences of the coupling coefficients
in the extensional stiffness matrices, the membrane force Nxx in the prebuckling states
is tensile for the cross-ply sublaminates and compressive for the 30° and 45' angle-ply
sublaminates_ For the angle-ply case, the deviation from the linear relationship between
N xx and the postbuckling strain load Err is generally on the positive side (i.e. a hardening
behavior), is greater at the central point than at the boundary point (0,0), and greater for
the case of smaller aspect ratio than for the case of larger aspect ratio. However, the
unsymmetric cross-ply sublaminates show the almost opposite type of behavior; the post
buckling force Nxx in these sublaminates also shows the largest deviation from uniformity.
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3.3. Bending and Misting moments; deflection profile
For all combinations of ply orientation and lay·up, the general behavior of the in·

plane forces in the postbuckling stage are remarkably similar between sublaminates with
aspect ratios 2 and 4, as may be seen by comparing the respective plots in Figs 2-7.
The somewhat different behavior of circular sublaminates is apparently caused by the
constraining effect of a relatively short X·axis, as already mentioned before. A similar
conclusion holds for the bending moments !vi rr and !vixx. Plots for AJrr at (0, b) are shown
in Fig. 8 while those for M xx at (a,O) are shown in Fig. 9. Additional plots for the present
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analysis results. including those for the bending moments at the central point (0.0) may be
found in Jane (1989).

The coupling stiffnesses B II. B I: and B:: vanish in all sublaminates examined in this
study except for the unsymmetric cross-ply sublaminatc. Hence only the unsymmetric cross
ply sublaminate shows non-zero bending moments M n and M yy in the prebuckling states.
In the postbuckling stage. the relation of the bending moments to the strain load is very
complex. However. for sublaminates with aspect ratios 2 and ~. the bending moment
M yy at the boundary point (0. h) is generally much greater. in absolute value. than the
corresponding moment at the central point. For sublaminates with aspect ratios I and 2.
the bending moment M,x at (a.O) is also much greater. in absolute value. than the
corresponding moment at (0.0). For ah = ~. the bending moment Al\\ at (a.O) is not
large. because a relatively large curvature of the clamped boundary curve at that point
provides a restraining effect on the transverse deflection in the vicinity.

In the absence of strong bending~stretchingcoupling. the bending moment is largely
determined by the curvature of the deformed sublaminate. The profiles of the deformed
middle surface are shown in Figs 10 and II for cross-ply and 45' angle-ply sublaminates
under a normalized strain of - Eyy(h t): = 3. and in Fig. 12 for 30' angle-ply sublaminates
under a normalized strain of2.0. The left and right portions of the figures indicate the profiles
along the Y-axis and the X-axis. respectively. The solid curves refer to the sublaminates with
symmetric lay-ups. while the dashed curves refer to those with unsymmetric lay-ups. It is
seen that. along the .r-axis. the curvature of the profile attains much larger absolute values
in the vicinity of the boundary point (a. 0) than around the central point. In eontrast. along
the Y-axis the curvature of the profile attains relatively slTlali ahsolute values at the houndary
point (0. b) compared to the central point.

Since the curvature of the deformed middle surface of the plate directly affects the
normal bending moment at a houndary point. which in turn contrihutes significantly to an
opening action of the delaminated layer from the hase laminate (provided that the houndary
curvature is positive so that the deflection is non-negative). the concentration of the normal
curvature near the boundary point (a. 0), and ih attenuation near the point (0. h), tend to
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facilitate the growth of the delamination along the X-direction. i.e. the direction per
pendicular to that of the compressive loading axis. However, this conclusion is only valid
when the aspect ratio is not large. When the growth of the delamination in the transverse
direction results in a sufficiently large a/b. the normal curvature at (a,O) becomes small
relative to that at (0. b). because of the longer length of the X-axis in the profiles.

It is interesting to note that the postbuckling deflections of the unsymmetric 30° angle
ply sublaminates with aspect ratios 2 and 4 show multiple wave patterns in the X-direction
(see the second and third figures in Fig. 12). This is perhaps essentially due to the relatively
small bending stiffness ofsuch sublaminates in the X-direction. Furthermore, these solutions
show negative deflection in the vicinity of the boundary point (a.O) while the solutions of
unsymmetric cross-ply sublaminates with a/b = I show negative deflection near the bound
ary point (0. b). Since negative deflections imply partial contact of the sublaminate with the
base laminate. such mathematical solutions must be modified to take account of the contact
condition. However. this difficult task is not attempted in the present work.

The deflection profiles of the 45 0 angle-ply sublaminates are similar to those of the
cross-ply sublaminates with the same aspect ratio. However. the results for sublaminates
with symmetric and unsymmetric lay-ups are closer in the 45' case than in the cross
ply case. because the bending-stretching coupling effect in unsymmetric sublaminates is
relatively small in the former case compared to the latter case. Furthermore. local contact
between the sublaminate and the base plate does not occur in the postbuckling deformation
of 45" angle-ply sublaminates for anyone of the three aspect ratios.

3.4. Glohal al/(I pointwise ('nergy ,£'lease rates
For thin-film delaminates with a general shape. the energy-release rate at c.lch point

of the delamination boundary may be evaluated in terms of the normal .md shearing in
plane forces and the normal bending moment and the twisting moment .It that boundary
point. The results for the pointwise energy release rales al lhe two boundary points (a.O)
and (0, h) are shown in Figs 13 and 14. respectively. in lerms of the imposed strain load.
As the imposed strain increases. the energy rcle'lse rate at (a. 0) grows more rapidly for the
dc1aminations with smaller a/h. although the bifurcation strains for such dc1aminations are
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greater. In contrast. the energy release rate at (0. h) grows more rapidly. in general. for
delaminations with larger afh. For the circular delamination. the value at (a, 0) dominates
over the value at (0. b). If the pointwise energy release rate is used as the criterion of
delamination growth. then for a delamination model with a near circular initial shape
subjected to an increasing compressive load along the Y·axis, postbuckling delamination
growth tends to proceed first along the X-axis until the aspect ratio becomes sufficiently
large so that the local energy release rates at (a, 0) and (0, b) become equalized. Afterwards.
stable delamination growth may continue under an increasing load in such a manner that
the energy release rates at all points of the moving delamination boundary are equal. i.e.
equal to the critical value for growth. In unstable. dynamic delamination growth. the local
energy release rates at different points of the moving boundary need not be equal because
the growth criterion may depend on the crack moving speed.

It should be mentioned that. in case ofanisotropic elliptical sublaminates, the maximum
and minimum values of the boundary forces and moments and of the energy release rates
generally do not occur at the point (a.O) or (0, b). Consequently. postbuckling growth of
an initially elliptical delamination generally proceeds in such a manner that the shape of the
delamination becomes non·elliptical. Therefore, a procedure for predicting the delamination
growth behavior based on evaluating the glohal energy release rates associated with growth
along fixed co-ordinate directions is generally not applicable to two·dimensional delamina
tions in an anisotropic base plate. In such a procedure, the global energy release rates
are obtained for an assumed manner of growth by evaluating the potential energies of the
delamination model in two successive st<ltes of growth and by differentiating the results
numeric.lIly with respl.:ct to the increasing semi-axial lengths of the ellipse. These global
energy rele<lse rates are fundamentally dilkrent from the pointwise energy release rates used
in the present study. Indeed, as shown by the present results. their relation to the strain
load is very much dillcrent from that of the pointwise energy release rates. In cases where
the consideration of global energy release rate may be justified. the use of the pointwise and
global energy release rates are likely to yield somewhat different predictions with regard to
the delamination growth behavior.
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4. CONCLUSIONS AND ADDITIONAL REMARKS

Several conclusions with far-reaching implications for the analysis and understanding
of sublaminate buckling and crack growth associated with two-dimensional models may
be drawn from the results of the present study. Some of these conclusions have been
suggested in previous publications (Yin. 1989; Storakers. 1989). They are substantiated. in
the present work. by examining Rayleigh-Ritz postbuckling solutions of elliptical sub
laminates and by comparing solutions of the various orders.

(I) The bifurcation loads of thin-film elliptical delaminations may be calculated accu
rately by a Rayleigh-Ritz analysis involving a small number of undetermined coefficients.
The results are better than those obtained by alternative methods [for example. Woinowsky
Krieger (1937) and Kassapoglou (1988)].

(2) The postbuckling behavior of a strip delamination model is rather exceptional
because the non-linear von Karman equations reduce to a linear ordinary differential
equation in the case of plane strain buckling. The solutions ofstrip models do not show non
uniformity of the in-plane deformation in the sublaminate and concentration ofcurvature of
the deformed middle surface around boundary regions. These effects are significant and
have important implications on the postbuckling and growth behavior of two-dimensional
delamination models.

(3) The non-linear and boundary effects mentioned above cannot be determined. or
determined with sufficient accuracy. by a linearized postbuckling analysis or by a Rayleigh
Ritz analysis involving lower-order polynomial expansions of the displacements. Predictions
of the force and moment resultants in the sublaminate and of the delamination growth
hehavior based on Rayleigh-Ritz solutions of order lower than (5.4) are generally
unreliable.

(4) As the orders of polynomials in the displacement exp:msions increase. the dellcc
tion. forces. moments and energy release rates associated with the Rayleigh-Ritz solutions
ofcircular delaminations in axisymmetric deformation converge towards the corresponding
results ohtained by direct integration of the von Karman equations (Yin. 1985). The
convergem;e conlirms the validity of the latter solution. whose results are significantly
different to the solution obtained by the perturbation method (Bottega and Maewal. 1983).
Rayleigh Ritz solutions of the order (5.4) deliver good results over a range of strain loads
up to about three times the bifurcation strain. Solutions of the order (7.6) yield better
results over a much wider range of the strain load. On the other hand. solutions of the
order (5.6) are nearly indistinguishable from those of the order (5.4). The results suggest
that higher degree polynomials should be used in the expansions of the in-plane
displacements so as to allow adequate modeling of the non-uniformity of the in-plane
deformation.

(5) The computational effort involved in solving the non-linear algebraic equations
associated with the Rayleigh-Ritz method is small compared to solving the same problem
by non-linear finite-element modeling since the number of degrees of freedom required in
the lalter method may be considerably larger. In implementing the Rayleigh-Ritz method.
the major task consists of algebraic manipulations and integrations for obtaining the
potential energy function. Given specific polynomial expansions of the displacements, this
t.t5k needs to be performed only once in obtaining the functions Lij • M,j and N'l (see eqn
(6) in Part I of this paper). When these functions are determined. the potential energy
functions and the governing algebraic equations for elliptical delaminations with different
thicknesses. aspect ratios and stiffness matrices may be obtained in a straightforward
manner. Consequently. the Rayleigh-Ritz method is ideally suited for a parametric study
of the postbuckling behavior of elliptical laminates with diverse geometrical and material
configurations.

A recent study of buckling. postbuckling and failure of elliptical delaminations has
appeared which is also based on the perturbation method (Kassapoglou. 1988). While the
work does not present sufficiently detailed results on postbuckling deformation to make a
comparison with the present solutions feasible. it yields bifurcation loads with relatively
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large errors (several percent). Generally speaking. any method of analysis which fails to
provide very accurate results for the bifurcation load cannot be expected to yield acceptable
results for the postbuckling deformation. because the buckling problem is a linearized
problem whereas the postbuckling problem is strongly non-linear. It therefore appears
that. unless higher-order perturbed equations are used. the perturbation method is not a
promising approach for obtaining accurate solutions beyond an initial stage of postbuckling
deformation.

In selecting the order of Rayleigh-Ritz solutions used in the present study we have
taken into account the limitation on the validity of the solutions imposed by the thin-film
assumptil)n and the omission of the transverse shear effect. Polynomial expansions of the
displacements arc trum:ated at the order where further improvement in the accuracy of the
solutions is belien:d tl) he within the error caused by these two assumptions. Recently, the
etTcct of transverse shear dcformation on the buckling and postbuckling behavior has bcen
studied for strip ddamination models (Kardomatcas and Schmueser. 1988: Chen. 1990)
and thin-tilm elliptical sublaminates (Peck. 1989). The results depend essentially on the
slenderness of the delarninatcd layer and the base plate. Analytical solutions for strip
delamination models. obtained by the use of a shear corrcction factor. indicate that the
transverse shear elfe!,,"t may appre!""iably reduce the buckling load and significantly increase
the energy release rate under a given post buckling axial load.

Pc!,,"k (198'1) used a higher-order laminated plate theory in conjunction with the Ray
leigh-Ritz mt:thod to calculatt: tht: bu!""kling loads and postbuckling solutions of elliptical
sublaminatt:s. This providt:s a bdtt:r approach to the asst:ssment of the transverse shear
elk!,,"t in laminated plates than the use of a single shear corrt:ction fadar (independent of the
dastil.." anisotropy. orientalion and lay-up oftht: wnstituent plit:s). It should ht: mt:ntioned,
howt:n:r. thal sinn~ the signiliclll'x of the lransverst: shear elll'ct increases with tht: thicknt:ss
of the suhlaminale. the dlixt may be more importanl in the ddaminatt:d portion of tht:
hase platt: than in a thin delaminatt:d layt:r. Iknct: an adequalt: t:valuation of tht: transvt:rst:
shear dkct in ddaminalion prohkms may rt:lJuirt: a l'ompktt: analysis of tht: lldamination
modd wilhout lIsing the thin-film assumplion.

""'!wIJ\I'!"dl!"!II"1I1 I'he "oltll'ktion or Ih" work was made po"'hk hy a grant from U.S. Army Research Ollicc
to Georg". lnslilille of Technology. Thv' autlhlrs gratdully ackn,)wlcdge the SIlPPort.

RITERENCES

BOllega. W. J. and Maew;lI. A. (l'IS.1). Iklamin;'lion l:llll:kling and growth in laminates. i. API'I. .thclt. 50, IX4
IX9.

ChaL II. and Bab"ock. <". I). ( I'.IS5). Two·dimensionalmoddling of compressive failure in delaminated laminates.
1. CO/llp ..\(Uh'r. 1'.1,117 'IS.

Chai. II.. B.lbcOl:k. C. D. and Knauss. W. G. (I 9X I ). Gne dimensional modelling of failure in laminated plales
by delamination buckling. (111.1. Solids Structures 17, 1069-L083.

Che·n. H.-I'. (11)\)0). A variational principle consistent shear deformation theory on compressive delamination
buckling and growlh. Prol'. AJ..IA,ASMEiASCE/AHS/ASC 31st SDM Conference, Long Beach. CA, 120X
1217.

Jane. K. C. (19891. Buckling. postbuckling deformation and vibration of a delaminated plate. Ph.D. Thesis.
Georgia Institute of Technology. Atlanta. GA.

Kardomateas. G. A. (I'.IX9). Large deformation elfeets in the postbuckling behavior of composites with thin
delaminatIOn. ALU if 27, 624 63l.

Kardomateas. G. A. and Schlllueser. D. W. (I'IXX). Buckling and postbuckling of delaminated composites under
compressive loads induding transverse shear elfeets. AlA A if 26,337 -343.

Kass:lpoglou. C. (19XSI. Buckling. post-buckling and failure of elhptieal delaminations in laminates under
compression. Comp. S·truCl. '.I. 1.19 t59. . ' .

Peck. S. O. (19X9j. Compressive behavior of delaminated composite plates. Ph.D. TheSIS. Slanford UllIvcrslly.

Palo Alto. CA.
Shiv;,kum:lr. K. N. and Whileomb. J. D. (19X51. Buckling of a suhlaminate in a quasi·isotropie composite

laminate. 1. CO/llp..\taler. \'). 2 IX.
Simitscs. G. 1.. Sallam. S. N. and Yin. W.-L. (19XS). Etrcet of delamination of axially loaded homogeneous

laminated plates. AlA." il B. 1.J.17 I.J.J.J.
Slorakers. B. (19X9). Nonlinear asp..:ets of ddamination in structural members. In Th"oretical McclulIlic.v. l'roc.

XVllth I"t. C(llIl/r. Theor. ApI'!..\tnk IEdited by P. Germain. M. P,au and D. Caillcrie). pp. 315336. Elsevier.
New York.

Woino\\,ky.Kric'ger. S. (1').17) Th..: 'Iahilily of a damp..:d e1liptl\:al plate under uniflJrm compression. i. APf'/.
,\tc(k ... 177 17S.



Analysis of 20 de1aminations--I1 639

Yin. W.-l. (1985). Axisymmetric buckling and growth of a circular delamination in a compressed laminate. Int.
J. Solids Structures 21. 503-514.

Yin. W.-l. (1986). Cylindrical buckling of laminated and delaminated plates. Proc. AIAA ASJIE ASCE,AHS
27th SDJI Conference. San Antonio. Texas. 165-179.

Yin. W.-l. (1988). The effects of laminated structure on delamination buckling and growth. J. Comp. .\1ater. 22.
502-517.

Yin. W.-l. (1989). Recent analytical results in delamination buckling and growth. In lnlt'rlaminar Fracture in
Composites (Edited by A. E. Armanios). pp. 253-266. Trans Tec.. Switzerland.

Yin. W.-l. and Fei. Z. (1984). Buckling load of a circular plate with a concentric delamination. .\It'ch. Res.
Com",. 11.337-344.

Yin. W.-l. and Fei. Z. (1988). Delamination buckling and growth in a clamped circular plate. AlAA J126. 43&
445.

Yin. W.-l.. Sallam. S. N. and Simitses. G. 1. (1986). Ultimate axial load capacity of a delaminated beam-plate.
AIAA Jt 24. 123-128.


